GROUP REPRESENTATIONS AND THE ADAMS SPECTRAL SEQUENCE R. JAMES MILGRAM
Homotopy groups admit primary operations analogous to the Steenrod operations in ordinary cohomology theory and a good understanding of them seems vital to interpreting patterns in the homotopy of spheres.
Also, it has been known for a long time that a type of Steenrod algebra acts in Ext Λ (Z p , Z p ) if A is a cocommutative Hopf algebra. Recently, D. S. Kahn showed that in the E 2 term of the Adams spectral sequence Extί/ (2) (Z< z , Z 2 ), certain of these operations on infinite cycles converge to the graded elements associated to the actual homotopy operations. Also, on infinite cycles, he showed how this structure determined some differentials.
In this paper, we further explore the relations between the operations in ExtV( P ) (Z p , Z p ) and differentials in the Adams spectral sequence. In particular, for elements which need not be infinite cycles, we prove (Z p , Z p [13] .) Applying 4.1.1, 9 2 (fe») = Wί-i> which is nonzero for i greater than 3. Consequently, we recover COROLLARY (Adams) . An element of Hopf invariant one (mod 2) exists in π n+s (S n and a Q β^p i{v~ι) {hi) Φ 0 for i ^ 0. Thus we recover the result of Liulevicius and Shimada on the elements of mod p Hopf invariant one.
In §6, we calculate the complete action of the Sq* operations in Έxt s J {2) (Z 2 , Z 2 ) for t -s < 42. It turns out that routine relations among the various classes, together with the differentials of 4.1.1 (a), determine all 9 2 differentials in this range. (I am indebted to M. Tangora for showing me how to obtain some of the more obscure 3 2 differentials in this way.)
One surprising result is that 3 2 (c 2 ) = h o f l9 a differential in the 41 stem which was overlooked in [13] . This differential, in turn, implies vθ 4 Φ 0 (which contradicts a result in [13] ) where <9 4 is the class corresponding to the Kervaire invariant 1 manifold in dimension 30. This in turn forces a 3 3 differential in the 34 stem. Once these two differentials are accounted for, there seem to be no further corrections necessary in [13] , and we can thus assume the two primary components of π s t (S°) known for t < 44. For further details, see [5] . Perhaps equally surprising, the technique used to prove Theorem 4.1.1 is purely geometric in nature. We never need mention secondary cohomology operations or even primary ones.
Next, we study some of the ways in which the operations imply higher order differentials. Here the answers are not as satisfactory as before. However, we do succeed in characterizing all primary differentials through 9 20 on these elements. More exactly, Theorem 5.1.1 characterizes the first possible nonzero d fc (S<f (α)) for k < 20, provided d ά (a) = 0 for j ^ k + 1. However, there are no places in the first 40 stems where such differentials occur (except, indirectly, the differential 3 3 (r) = h^l), so in the absence of examples, it seemed fruitless to pursue the matter further.
Also, there are further applications of these geometric techniques. For example, in §7 we give a very direct proof that θ 4 is nonzero. Moreover, by using similar techniques with the two-cell-complex S 15 U 2 e 16 , together with the fact that (<9 3 ) 2 = (σ) 4 = 0, one obtains a proof that θ δ is nonzero. Similarly, using the result of Barratt-Mahowald that (β 4 ) 2 = 0, one obtains the existence of θ 6 (see [22] for details). Finally, I would like to take this opportunity to express my thanks to D. S. Kahn for sharing his insights with me, and the Centro de Investigation for their support while this research was carried out. 3. We now consider the Thom complex of the associated %-plane bundle B* r) (ξ n ). It admits a very simple description. DEFINITION 1.3.1. Let B be a space with base point *, and A be any space, then the half smash product 
Proof. The associated bundle B\ r) (ξ n ) can also be described as
where the action of G is that given above. Also, the associated sphere bundle admits a similar description. Hence, the theorem follows on equating the sphere bundle to the base point and using the fact that L acts linearly in R 2kn .
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As an immediate corollary we have THEOREM Proof. Let P be a path from the identity to α, then P(t)~ιr 2 (g)P(t) provides an equivariant homotopy from r x to r 2 and hence a homotopy of B {ri) toB ir2) .
Since U n is connected we can apply 1.4.1 without difficulty and we find that the Thorn complex of B\ r) (ζ n ) is homeomorphic to the Thorn complex of a sum of irreducible representations which can usually be calculated.
Over O n , however, we must be careful to check that the a used to make r 1 equivalent to r 2 has determinant +1 and not -1. (Here / is the trivial 1-dimensional representation.)
, which is then the image of the sphere bundle.
For Z 2 and real representations we have 2 irreducible ones, the trivial one / and the identity R: Z 2 ->Z 2 = 0 (1) 
Proof. The characteristic polynomial of r(Γ) is ( Proof. Clearly r n is equivalent to nr^ Hence we show the StiefelWhitney class of n is (1 + C + B + A).
From the character tables we find
Also TFC/*^!)) = (1 + βi)(l + e 2 ) = 1 + i*(C) + i*(B By generalizing slightly the techniques of [6] we can use these results to obtain a complete description of H*(Sζ, Z 2 ) for all n (see e.g, [20, §9] ) as well as the structure of the corresponding Thorn complexes
Ti-times
We omit the details.
3* The geometry of the action of the Steenrod algebra on Έxtj^( p) (Z p , Z p 
Moreover, given any other map φ' G satisfying * there is an equivariant
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Proof. (Compare [12] 
(The properties listed in 3.1.2, 3.1.3 follow directly from the corresponding properties in the homology of the symmetric groups S^p, S^pz and the proofs are in no way different from the corresponding proofs in [25] for the ordinary Steenrod operations. The mod p case 3.1.2 appears in [12] , however our grading of the mod 2 case differs from those to be found in [12] (0 otherwise for p = 2.
for p odd.
[Warning: The proof that follows appears to follow the formal algebra which would prove a similar result for a spectral sequence associated to a filtration of ordinary chain complexes. However, we are dealing with homotopy groups, so there is an error term, and the main work in the proof is to show that this error is in fact zero in the E 2 term of the Adams sequence, though it may definitely represent a nonzero element at level E z or E 4 ) is the topological union of discs which we name in this way to stay as close as possible to the standard Uί formulae for cochain operations [11] .) The disc(e r~* K dD At this point, we indicate our stability conventions. We put Indeed, the absence of subscripts on the filtering spaces will always imply that we are considering stable groups.
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we have the homotopy factorization of v on the boundary
The iteration (+ 1 V -ϊ)°π is homotopically trivial. Let I: Q-> S be such a homotopy. Now we can define a class 7eτr*( (a) . A homotopy class 37 in π k+1 (S k ) is defined as /(J/>^: QUwO^S* and we have easily The remaining case i ^ s (2) is analogous. However, here the homeomorphism h is isotopic to the identity and the resulting error term is 0. Part b is similar to α. Again by standard arguments we arrive at d 2^\ a) represented by pΎ + τ{S k } and 4.1.5 now gives the conclusion. 2. By the methods of [8] or [17] , together with the results of 6.1 it is easy to prove THEOREM and the elements h Oj h u h 2y h % are the only survivors from Ext 1 in £U for p = 2. Of course these differentials are well known [16] and it is also well known that their being nonzero is equivalent to the nonexistence of elements of Hopf invariant one in these dimensions, but 4.1.1 certainly provides the first purely geometric proof of these results.
(a). Exty^Z^, Z p ) is generated by elements a QJ
3. It sometimes happens that there is a relation such as h Q ht = 0 which holds in Ext , (Z 2 , Z 2 ) . The relation then "propagates".
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For example, let
hjι$ However, some of these cup-i operations on u ultimately become parts of classes in Ext, as with (u 2 + hjι\ U {&) = w since dw = hM which equals 0 for another reason. When this occurs and we look more closely at this d λ differential-say in π*(Y\ Y i+2 ) rather than π*(Y% Y i+1 ) it turns out that the "filtration 2" role of the differential is to make d^v) = some element in higher filtration. In the example above, we have in fact
This and relations similar to it sometimes account for higher differentials.
Consider, for example, the situation in dimensions 14 and 15 In particular we mean to imply by this that all lower differentials on the specified elements are trivial. Also, note that Stf^α) = Sq i~k (a). It is probable that the theorem can be strengthened so its conclusions hold even if φ{N) ^ r -q. It is also likely that even for greater φ(N) the differentials could still be obtained but now in terms of d r (a) as well.
2. To start the proof we "relativize" the construction of the Sq Proof. Suppose X is iV-dimensional. We start a resolution of Σ k X as the fiber in the evident map
Let 
Moreover there is a map
> Σ L Pζr_ nN) so h* is a monomorphism in mod 2 homology and a is an odd multiple of the generator of im(J).
(Essentially 5.4.1 says the first nontrivial attaching map of any cell in a truncated projective space is in im(J).)
Proof. PN-Ψ(N) +I is the Thorn complex of (N -φ{N) 
and, since the top class of the Thorn complex for the normal bundle is spherical the first statement follows.
To obtain the remaining statement note that by Atiyah's duality theorem (3.3 of [4] ) the S-dual of P%-φ{N) is Pf q^{ N) . However, by checking secondary operations we can show this attach-ing map is 0 so ε = 0 and the result follows. 5. It is easy to see how to generalize this to the mod p-case. In view of the results of §2.3 it would seem that the hardest step in doing this is to calculate sufficiently far into Έxt^{ p) (Z p , Z p ) and still identify im(J). REMARK 5.5.1. Recent results of Mahowald [14] enable one to completely identify im(J) in Έxt^( 2) (Z 2 , Z 2 ). It seems reasonable to suppose the mod(p) problem can be handled in a similiar way. 6* Calculation of the action of the Steenrod Algebra in Ext^p (Z p , Z 9 ). 1. Some examples. We consider, mod p, the algebra A -DP(X) where DP(X) is a divided polynomial algebra. It is given a Hopf algebra structure by requiring that J(λ;) = ΣXj (x) λ^ . 2. We now turn to the calculation of the Sq i operations in (2) (Z 2 , Z 2 ). Let A 2 be the sub-Hopf algebra of j^(2) dual to the polynomial algebra P(ξ 1 ) (using Milnor's notation see e.g., [21] Clearly ω(\X 2 %\) = h t in Ext]^\ 2) (Z 2 , Z 2 ). Since ω is induced from a map of Hopf algebras ω(Sg') = Sq\ω) and we can calculate the action of J^(2) in the subalgebra of Ext J^(2) (Z 2 , Z 2 ) generated by the (^). The first generator which is not a polynomial in the hi is c 0 which has the Massey product representation < h ly h 0 , h\ > . (For further details and the "names" of various elements we refer to Figure 1.) 
